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a non-negative, upper semicontinuous, normal and convex fuzzy number, we study some
basic properties of the new sequence spaces of fuzzy numbers. Also we investigate the
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1. Introduction and preliminaries
The concepts of fuzzy sets and fuzzy set operations have been discussed by several authors, together with aspects of the
theory and applications such as fuzzy topological spaces, fuzzy ordering, measures of fuzzy events, and fuzzy mathematical
programming. Matloka [1] introduced bounded and convergent sequences of fuzzy numbers and studied some of their
properties. Later on, sequences of fuzzy numbers were discussed by Diamond and Kloeden [2], Nanda [3], Esi [4], Tripathy
and Baruah [5], Tripathy and Sarma [6] and many others.
Goes and Goes [7] initially introduced the differential sequence space dE and the integrated sequence space

E, for
a given sequence space E, by using the multiplier sequences (k−1) and (k) respectively. Kamthan [8] used the multiplier
sequence (k!). Tripathy and Mahanta [9] used a general multiplier sequenceΛ = (λk) of non-zero scalars for all k ∈ N.
Let Λ = (λk) be a sequence of non-zero scalars. Then for a given sequence space E, the multiplier sequence space E(Λ)
associated with the multiplier sequenceΛ is defined by (see [9])
E(Λ) = {(xk) : (λkxk) ∈ E}.
An Orlicz function M is a mapping M : [0,∞) → [0,∞) that is continuous, non-decreasing and convex, with
M(0) = 0,M(x) > 0 for x > 0, and M(x) → ∞ as x → ∞. If the convexity of an Orlicz function M is replaced by its
subadditivity, i.e. M(x+ y) ≤ M(x)+M(y), then this function is called amodulus function.
Remark. An Orlicz function satisfies the inequalityM(λx) ≤ λM(x) for all λ such that 0 < λ < 1.
For further details of Orlicz functions one may refer to Krasnoselski and Rutitsky [10].
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Lindenstrauss and Tzafriri [11] used the idea of the Orlicz function to construct the sequence space
ℓM =

(xk) ∈ w :
∞−
k=1
M
 |xk|
ρ

<∞, for some ρ > 0

,
wherew denotes the classes of all sequences.
The space ℓM with the norm
‖x‖ = inf

ρ > 0 :
∞−
k=1
M
 |xk|
ρ

≤ 1

,
becomes a Banach space which is called an Orlicz sequence space. The space ℓM is closely related to the space ℓp which is
an Orlicz sequence space withM(x) = |x|p for 1 ≤ p <∞.
In the later stages, different classes of Orlicz sequence spaces were introduced and studied by Parashar and
Choudhury [12], Esi and Et [13], Tripathy and Sarma [6] and many others.
In this paper we study some new sequence spaces of fuzzy numbers using Orlicz functions and a fuzzy metric. Using
the concepts of the fuzzy metric we establish an inclusion relation between the sequence spaces cF0 (M,Λ), c
F (M,Λ) and
ℓF∞(M,Λ). Also we show that these spaces are completemetric spaces with a suitablemetric. In addition, we study the solid
and monotone nature of these spaces. The Λ-invariance of these spaces could also be studied; this is an open problem for
researchers.
We now give here a brief introduction to the sequences of fuzzy numbers. Let D denote the set of all closed and bounded
intervals X = [x1, x2] on the real line R. For X, Y ∈ D, define
X ≤ Y if and only if x1 ≤ y1 and x2 ≤ y2,
d(X, Y ) = max{|x1 − y1|, |x2 − y2|}, where X = [x1, x2] and Y = [y1, y2].
Then it can be easily seen that d defines ametric onD and (D, d) is a completemetric space. Also the relation≤ is a partial
order on D.
A fuzzy number X is a fuzzy subset of the real line R, i.e. a mapping X : R → I = [0, 1] associating each real number t
with its grade of membership X(t).
A fuzzy number X is convex if X(t) ≥ X(s) ∧ X(r) = min{X(s), X(r)}where s < t < r .
If there exists t0 ∈ R such that X(t0) = 1, then the fuzzy number X is called normal.
A fuzzy number X is said to be upper semicontinuous if for each ε > 0, X−1([0, a + ε)) for all a ∈ [0, 1] is open in the
usual topology of R.
Let R(I) denote the set of all fuzzy numbers which are upper semicontinuous and have compact support, i.e. if X ∈ R(I),
then for any α ∈ [0, 1], [X]α is compact, where
[X]α = {t ∈ R : X(t) ≥ α, if α ∈ [0, 1]},
[X]0 = closure of ({t ∈ R : X(t) > α, if α = 0}).
The set R of real numbers can be embedded in R(I) if we define r¯ ∈ R(I) by
r¯ (t) =

1, if t = r,
0, if t ≠ r.
The additive identity and multiplicative identity of R(I) are defined by 0¯ and 1¯ respectively.
The arithmetic operations on R(I) are defined as follows:
(X ⊕ Y )(t) = sup{X(s) ∧ Y (t − s)}, t ∈ R,
(X2Y )(t) = sup{X(s) ∧ Y (s− t)}, t ∈ R,
(X ⊗ Y )(t) = sup

X(s) ∧ Y

t
s

, t ∈ R,
X
Y

(t) = sup{X(st) ∧ Y (s)}, t ∈ R.
Suppose X, Y ∈ R(I) and let the α-level sets be [X]α = [xα1 , xα2 ], [Y ]α = [yα1 , yα2 ], α ∈ [0, 1].
Then the above operations can be defined in terms of α-level sets as follows:
[X ⊕ Y ]α = [xα1 + yα1 , xα2 + yα2 ],
[X2Y ]α = [xα1 − yα1 , xα2 − yα2 ],
[X ⊗ Y ]α =
[
min
i∈{1,2} x
α
i y
α
i , maxi∈{1,2}
xαi y
α
i
]
,
[X−1]α = [(xα2 )−1, (xα1 )−1], xαi > 0, for each 0 < α ≤ 1.
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For r ∈ R and X ∈ R(I), the product rX is defined as follows:
rX(t) =

X(r−1t), if r ≠ 0,
0, if r = 0.
The absolute value, |X |, of X ∈ R(I) is defined by (see [14])
|X |(t) =

max{X(t), X(−t)}, if t ≥ 0,
0, if t < 0.
Define a mapping d¯ : R(I)× R(I)→ R+ ∪ {0} by d¯(X, Y ) = sup0≤α≤1 d([X]α, [Y ]α). It is known that (R(I), d¯) is a complete
metric space (see [1]).
A metric on R(I) is said to be translation invariant if
d¯(X + Z, Y + Z) = d¯(X, Y ), for X, Y , Z ∈ R(I).
A sequence X = (Xk) of fuzzy numbers is a function from the set N of natural numbers into R(I).
A sequence X = (Xk) of fuzzy numbers is said to converge to a fuzzy number X0 if for every ε > 0, there is a positive
integer n0 such that d¯(Xk, X0) < ε for all k ≥ n0.
A sequence X = (Xk) of fuzzy numbers is said to be bounded if the set {Xk: k ∈ N} of fuzzy numbers is bounded.
A fuzzy number X is called non-negative if X(t) = 0 for all t < 0. The set of all non-negative fuzzy numbers of R(I) is
denoted by R∗(I).
Let EF denote the sequence space of fuzzy numbers.
A sequence space EF is said to be solid if (Yk) ∈ EF whenever (Xk) ∈ EF and |Yk| ≤ |Xk| for all k ∈ N.
A sequence space EF is said to bemonotone if EF contains the canonical pre-images of all its step spaces.
Throughout the article,wF represents the classes of all sequences of fuzzy numbers.
Lemma 1.1. If a sequence space EF is solid, this implies that EF is monotone.
2. Some new sequence spaces of fuzzy numbers
In this sectionwe define some new classes of sequences of fuzzy numbers using a fuzzymetric. Onemay refer to Syau [15]
for the notion of a fuzzy metric.
Suppose dF : R(I)×R(I)→ R∗(I) and let the mappings L, R : [0, 1] × [0, 1] → [0, 1] be symmetric, be non-decreasing
in both arguments and satisfy L[0, 0] = 0 and R[1, 1] = 1, i.e. L = min{r, s} and R = max{r, s}, where r, s ∈ [0, 1].
Let λ : R(I) × R(I) → R be such that λ(X, Y ) = sup0<α≤1 λα(Xα, Y α), where λα : R × R → R and λα(Xα, Y α) =
mini,j∈N{|Xαi − Y αi |, |Xαj − Y αj |}.
Similarly, let ρ : R(I) × R(I) → R be such that ρ(X, Y ) = sup0<α≤1 ρα(Xα, Y α), where ρα : R × R → R and
ρα(Xα, Y α) = maxi,j∈N{|Xαi − Y αi |, |Xαj − Y αj |}.
Since the distance between two fuzzy numbers is again a fuzzy number, the α-level set of this distance dF between the
fuzzy numbers X and Y is defined as
dF (X, Y ) = [λα(Xα, Y α), ρα(Xα, Y α)], 0 < α ≤ 1.
The quadruple (R(I), dF , L, R) is called a fuzzy metric space, and dF is a fuzzy metric if:
(FM1) dF (X, Y ) = 0 if and only if X = Y .
(FM2) dF (X, Y ) = dF (Y , X), for all X, Y ∈ R(I).
(FM3) For all X, Y , Z ∈ R(I):
(i) dF (X, Y )(s+ t) ≥ L(dF (X, Z)(s), dF (Z, Y )(t)), where s ≤ λ1(X, Z), t ≤ λ1(Z, Y ) and s+ t ≤ λ1(X, Y ).
(ii) dF (X, Y )(s+ t) ≤ R(dF (X, Z)(s), dF (Z, Y )(t)), where s ≥ λ1(X, Z), t ≥ λ1(Z, Y ) and s+ t ≥ λ1(X, Y ).
Using the concept of Orlicz functions and the fuzzy metric, we introduce the following sequence spaces. Let Λ = (γk)
be a sequence of non-zero scalars and let M be an Orlicz function and X = (Xk) be a sequence of fuzzy numbers; then we
define the following sequence spaces:
cF (M, Λ) =

(Xk) ∈ wF : M

λ(γkXk, X0)
µ

→ 0 andM

ρ(γkXk, X0)
µ

→ 0, as k →∞,
X0 ∈ R(I) and for some µ > 0

;
cF0 (M, Λ) =

(Xk) ∈ wF : M

λ(γkXk, 0¯)
µ

→ 0 andM

ρ(γkXk, 0¯)
µ

→ 0, as k →∞ and for some µ > 0

and ℓF∞(M, Λ) =

(Xk) ∈ wF : sup
k
M

λ(γkXk, 0¯)
µ

<∞ and sup
k
M

ρ(γkXk, 0¯)
µ

<∞, for some µ > 0

.
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3. The main results
In this sectionwe examine the basic properties of the spaces cF (M, Λ), cF0 (M, Λ) and ℓ
F∞(M, Λ) and obtain the inclusion
relation for these spaces.
Theorem 3.1. Let M be an Orlicz function and Λ = (γk) be a sequence of non-zero scalars. Then cF (M, Λ), cF0 (M, Λ) and
ℓF∞(M, Λ) are metric spaces with the metric defined by
gM(X, Y ) = inf

µ > 0 : sup
k
M

λ(γkXk, γkYk)
µ

≤ 1 and sup
k
M

ρ(γkXk, γkYk)
µ

≤ 1

.
Proof. We consider the case for the space ℓF∞(M, Λ). Suppose X, Y ∈ ℓF∞(M, Λ); we have:
(FM1) gM(X, Y ) = 0. This implies that λ(γkXk, γkYk) = 0 and ρ(γkXk, γkYk) = 0 for all k ∈ N (since M(0) = 0), which
implies that, for all α ∈ (0, 1],
λ(γkXk, γkYk) = sup
0<α≤1
λα(γkXαk , γkY
α
k ) = 0
⇒ min{|γkiXαki − γkiY αki |, |γkjXαkj − γkjY αkj |} = 0. (1)
Similarly, for all α ∈ (0, 1],
ρ(γkXk, γkYk) = sup
0<α≤1
ρα(γkXαk , γkY
α
k ) = 0
⇒ max{|γkiXαki − γkiY αki |, |γkjXαkj − γkjY αkj |} = 0. (2)
From (1) and (2) it follows that, for all k ∈ N, Xk = Yk ⇒ X = Y .
Conversely, assume that X = Y . Then using the definitions ofλ andρ, we getλα(γkXαk , γkY αk ) = 0 andρα(γkXαk , γkY αk ) =
0 for all k ∈ N and α ∈ (0, 1], which implies that sup0<α≤1 λα(γkXαk , γkY αk ) = 0 and sup0<α≤1 ρα(γkXαk , γkY αk ) = 0 for all
k ∈ N.
It follows that λ(γkXk, γkYk) = 0 and ρ(γkXk, γkYk) = 0.
Using the continuity ofM , we get gM(X, Y ) = 0.
This shows that gM(X, Y ) = 0 if and only if X = Y .
(FM2) We have
gM(X, Y ) = inf

µ > 0 : sup
k
M

λ(γkXk, γkYk)
µ

≤ 1 and sup
k
M

ρ(γkXk, γkYk)
µ

≤ 1

.
From the definition of λ it follows that
λ(γkXk, γkYk) = sup
0<α≤1
λα(γkXαk , γkY
α
k )
= sup
k
(min{|γkiXαki − γkiY αki |, |γkjXαkj − γkjY αkj |})
= sup
k
(min{|γkiY αki − γkiXαki |, |γkjY αkj − γkjXαkj |})
= sup
0<α≤1
λα(γkY αk , γkX
α
k ) = λ(γkYk, γkXk).
Proceeding in the same way, we get ρ(γkXk, γkYk) = ρ(γkYk, γkXk).
Thus we get
gM(X, Y ) = inf

µ > 0 : sup
k
M

λ(γkXk, γkYk)
µ

≤ 1 and sup
k
M

ρ(γkXk, γkYk)
µ

≤ 1

= inf

µ > 0 : sup
k
M

λ(γkYk, γkXk)
µ

≤ 1 and sup
k
M

ρ(γkYk, γkXk)
µ

≤ 1

= gM(Y , X)
i.e. gM(X, Y ) = gM(Y , X).
(FM3) Suppose X, Y , Z ∈ ℓF∞(M,Λ) and let µ1 > 0, µ2 > 0 be such that
sup
k
M

λ(γkXk, γkZk)
µ1

≤ 1 and sup
k
M

λ(γkZk, γkYk)
µ2

≤ 1.
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Let µ = µ1 + µ2. By the definition of λ, we get
λ(γkXk, γkYk) = sup
0<α≤1
λα(γkXαk , γkY
α
k ),
where λα(γkXk, γkYk) = min{|γkiXαki − γkiY αki |, |γkjXαkj − γkjY αkj |}.
By the definition of the modulus function, we get
λα(γkXk, γkYk) ≤ λα(γkXk, γkZk)+ λα(γkZk, γkYk), for all α ∈ (0, 1].
Taking the supremum throughout α, we get
sup
0<α≤1
λα(γkXk, γkYk) ≤ sup
0<α≤1
λα(γkXk, γkZk)+ sup
0<α≤1
λα(γkZk, γkYk)
which implies that
λ(γkXk, γkYk) ≤ λ(γkXk, γkZk)+ λ(γkZk, γkYk).
Using the continuity ofM , we get
sup
k
M

λ(γkXk, γkYk)
µ

≤ sup
k
M

λ(γkXk, γkZk)
µ1 + µ2 +
λ(γkZk, γkYk)
µ1 + µ2

≤ sup
k
M

µ1
µ1 + µ2

λ(γkXk, γkZk)
µ1

+ µ2
µ1 + µ2

λ(γkZk, γkYk)
µ2

≤ sup
k

µ1
µ1 + µ2

M

λ(γkXk, γkZk)
µ1

+ sup
k

µ2
µ1 + µ2

M

λ(γkZk, γkYk)
µ2

≤ 1.
Since the µ’s are non-negative, taking the infimum of such µ’s, we get
inf

µ > 0 : sup
k
M

λ(γkXk, γkYk)
µ

≤ 1

≤ inf

µ1 > 0 : sup
k
M

λ(γkXk, γkZk)
µ1

≤ 1

+ inf

µ2 > 0 : sup
k
M

λ(γkZk, γkYk)
µ2

≤ 1

.
Proceeding in the same way, we get
inf

µ > 0 : sup
k
M

ρ(γkXk, γkYk)
µ

≤ 1

≤ inf

µ1 > 0 : sup
k
M

ρ(γkXk, γkZk)
µ1

≤ 1

+ inf

µ2 > 0 : sup
k
M

ρ(γkZk, γkYk)
µ2

≤ 1

.
Thus we get
inf

µ > 0 : sup
k
M

λ(γkXk, γkYk)
µ

≤ 1 and sup
k
M

ρ(γkXk, γkYk)
µ

≤ 1

≤ inf

µ1 > 0 : sup
k
M

λ(γkXk, γkZk)
µ1

≤ 1 and sup
k
M

ρ(γkXk, γkZk)
µ1

≤ 1

+ inf

µ2 > 0 : sup
k
M

λ(γkZk, γkYk)
µ2

≤ 1 and sup
k
M

ρ(γkZk, γkYk)
µ2

≤ 1

⇒ gM(X, Y ) ≤ gM(X, Z)+ gM(Z, Y ).
This shows that ℓF∞(M,Λ) is a metric space.
Similarly, it can be shown that the other two spaces are metric spaces, with a similar technique. 
We give the following theorem without proof.
Theorem 3.2. Let M be an Orlicz function andΛ = (γk) be a sequence of non-zero scalars. Then the spaces cF (M,Λ), cF0 (M,Λ)
and ℓF∞(M,Λ) are closed under the operations of addition and scalar multiplication.
Theorem 3.3. Let M be an Orlicz function andΛ = (γk) be a sequence of non-zero scalars. Then the spaces cF (M,Λ), cF0 (M,Λ)
and ℓF∞(M,Λ) are complete metric spaces under the metric
gM(X, Y ) = inf

µ > 0 : sup
k
M

λ(γkXk, γkYk)
µ

≤ 1 and sup
k
M

ρ(γkXk, γkYk)
µ

≤ 1

.
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Proof. Let (X (n)) be a Cauchy sequence in ℓF∞(M,Λ) such that X (n) = (X (n)k )∞k=1.
Let ε > 0 be given. For a fixed X0 > 0, choose q > 0 such thatM(
qX0
2 ) ≥ 1. Then there exists a positive integer n0 = n0(ε)
such that
gM(X (n), X (m)) ≤ εqX0 , for all n,m ≥ n0.
By the definition of gM , we get
inf

µ > 0 : sup
k
M

λ(γkX
(n)
k , γkX
(m)
k )
µ

≤ 1 and sup
k
M

ρ(γkX
(n)
k , γkX
(m)
k )
µ

≤ 1

< ε,
for all n,m ≥ n0 (3)
which implies that
sup
k
M

λ(γkX
(n)
k , γkX
(m)
k )
µ

≤ 1 (4)
and sup
k
M

ρ(γkX
(n)
k , γkX
(m)
k )
µ

≤ 1. (5)
From (4) we get
sup
k
M

λ(γkX
(n)
k , γkX
(m)
k )
µ

≤ 1
⇒ M

λ(γkX
(n)
k , γkX
(m)
k )
gM(X (n), X (n))

≤ 1 ≤ M

qX0
2

.
Using the continuity ofM , we get
λ(γkX
(n)
k , γkX
(m)
k ) <
ε
2
, for all n,m ≥ n0 and k ∈ N,
i.e. (X (n)k ) is a Cauchy sequence of R(I). Since R(I) is complete, it follows that (X
(n)
k ) is convergent. Let limn→∞ X
(n)
k = Xk for
all k ∈ N.
We have to show that limn→∞ X (n) = X and X ∈ ℓF∞(M,Λ).
SinceM is continuous, by takingm →∞ and fixing nwe get from (4)
sup
k
M

λ(γkX
(n)
k , γkXk)
µ

≤ 1, for all n ≥ n0.
Proceeding in the same way, from (5) we get
sup
k
M

ρ(γkX
(n)
k , γkXk)
µ

≤ 1, for all n ≥ n0.
Now taking the infimum of such µ’s together, from (3) we get
inf

µ > 0 : sup
k
M

λ(γkX
(n)
k , γkXk)
µ

≤ 1 and sup
k
M

ρ(γkX
(n)
k , γkXk)
µ

≤ 1

< ε, for all n ≥ n0,
which shows that gM(X (n), X) < ε for all n ≥ n0, i.e. limn→∞ X (n) = X .
Next we show that X ∈ ℓF∞(M,Λ).
By the inequality
gM(X, 0¯) ≤ gM(X, X (n))+ gM(X (n), 0¯) and n ≥ n0, we get X ∈ ℓF∞(M,Λ).
Hence ℓF∞(M,Λ) is a complete metric space.
Similarly it can be shown that the other spaces are also complete. 
Theorem 3.4. The sequence spaces cF0 (M,Λ) and ℓ
F∞(M,Λ) are solid whereas the sequence space cF (M,Λ) is not solid.
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Proof. Suppose (Xk) ∈ ℓF∞(M,Λ). Then we have
sup
k
M

λ(γkXk, 0¯)
µ

<∞ and sup
k
M

ρ(γkXk, 0¯)
µ

<∞, for some µ > 0.
Let (Yk) be a sequence of fuzzy numbers with
[d(γkYk, 0¯)]α = [λα(γkY αk , 0¯), ρα(γkY αk , 0¯)], for α ∈ (0, 1],
such that λ(γkYk, 0¯) ≤ λ(γkXk, 0¯) and ρ(γkYk, 0¯) ≤ ρ(γkXk, 0¯).
SinceM is a non-decreasing continuous function, for some µ > 0 we get
M

λ(γkYk, 0¯)
µ

≤ M

λ(γkXk, 0¯)
µ

and M

ρ(γkYk, 0¯)
µ

≤ M

ρ(γkXk, 0¯)
µ

which implies that
sup
k
M

λ(γkYk, 0¯)
µ

≤ sup
k
M

λ(γkXk, 0¯)
µ

<∞, for some µ > 0
and supk M(
ρ(γkYk,0¯)
µ
) ≤ supk M( ρ(γkXk,0¯)µ ) <∞, for some µ > 0.
This implies that
sup
k
M

λ(γkYk, 0¯)
µ

<∞ and sup
k
M

ρ(γkYk, 0¯)
µ

<∞, for some µ > 0,
which implies that (Yk) ∈ ℓF∞(M,Λ). Hence ℓF∞(M,Λ) is solid.
The proof is similar for the space cF0 (M,Λ).
The proof of the second part follows from the following example.
Example 3.1. LetM(x) = x and γk = 1 for all k ∈ N. Consider the sequence (Xk) of fuzzy numbers as follows:
Xk(t) =

1
2
(1+ t), for − 1 ≤ t ≤ 1;
1
2
(−t + 3), for 1 ≤ t ≤ 3;
0, otherwise.
Then (Xk) ∈ cF (M,Λ).
Again consider a sequence (Yk) of fuzzy numbers
Yk(t) =

(1− t), for 0 ≤ t ≤ 1, all k even;
1
2
(2− t), for 1 ≤ t ≤ 2, all k odd;
0, otherwise.
such that, using the continuity ofM , for some µ > 0,
sup
k
M

λ(γkYk, 0¯)
µ

≤ sup
k
M

λ(γkXk, 0¯)
µ

and supk M(
ρ(γkYk,0¯)
µ
) ≤ supk M( ρ(γkXk,0¯)µ ).
But (Yk) is not convergent.
Hence cF (M,Λ) is not solid. 
Note. By Lemma 1.1, we can conclude that the sequence spaces cF0 (M,Λ) and ℓ
F∞(M,Λ) are monotone but the sequence
space cF (M,Λ) is not monotone.
We give the following two theorems and corollary without proof.
Theorem 3.5. Let M1 and M2 be two Orlicz functions. Then:
(a) cF (M1,Λ) ∩ cF (M2,Λ) ⊂ cF (M1 +M2,Λ).
(b) cF0 (M1,Λ) ∩ cF0 (M2,Λ) ⊂ cF0 (M1 +M2,Λ).
(c) ℓF∞(M1,Λ) ∩ ℓF∞(M2,Λ) ⊂ ℓF∞(M1 +M2,Λ).
TakingM2(x) = x andM1(x) = M(x), for all x ∈ [0,∞), we have the following result.
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Corollary 3.6. Z ⊂ Z(M,Λ) where Z = cF and cF0 .
Theorem 3.7. If M1(x) ≤ M2(x) for all x ∈ [0,∞), then Z(M2,Λ) ⊆ Z(M1,Λ), for Z = cF0 , cF and ℓF∞.
Theorem 3.8. Let M be an Orlicz function and Λ = (γk) be a sequence of non-zero scalars. Then cF0 (M,Λ) ⊂ cF (M,Λ) ⊂
ℓF∞(M,Λ) and the inclusions are proper.
Proof. The inclusion cF0 (M,Λ) ⊂ cF (M,Λ) is obvious. So we will only show that cF (M,Λ) ⊂ ℓF∞(M,Λ).
Define µ = 2µ1. SinceM is non-decreasing and convex, we have
sup
k
M

λ(γkXk, 0¯)
µ

≤ 1
2
[
sup
k
M

λ(γkXk, X0)
µ1

+ sup
k
M

λ(X0, 0¯)
µ1
]
and supk M(
ρ(γkXk,0¯)
µ
) ≤ 12 [supk M( ρ(γkXk,X0)µ1 )+ supk M(
ρ(X0,0¯)
µ1
)] for some µ > 0.
Thus we get (Xk) ∈ ℓF∞(M,Λ). To show that the inclusion is proper, consider the following example.
Example 3.2. LetM(x) = x and γk = 1 for all k ∈ N. Consider the sequence (Xk) of fuzzy numbers as follows:
Xk(t) =

2
k
t + 1, − k
2
≤ t ≤ 0;
−2
k
t + 1, 0 ≤ t ≤ k
2
;
0, otherwise.
 if k = 2i, (i = 1, 2, 3 . . .);
Xk(t) = 0¯, otherwise.
Then the sequence (Xk) of fuzzy numbers is bounded, but this sequence is not convergent. 
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